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Abstract 

Let be the quaternion Heisenberg group, and let P be the affine automorphism 
group of cS. We develop the theory of continuous wavelet transform on the quaternion 
Heisenberg group via the unitary representations of P on L?'{£2). A class of radial 
wavelets is constructed. The inverse wavelet transform is simplified by using radial 
wavelets. Then we investigate the Radon transform on £2. A Semyanistri-Lizorkin 
space is introduced, on which the Radon transform is a bijection. We deal with the 
Radon transform on ^ both by the Euclidean Fourier transform and the group Fourier 
transform. These two treatments are essentially equivalent. We also give an inversion 
formula by using wavelets, which does not require the smoothness of functions if the 
wavelet is smooth. 
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1 Introduction 



The Heisenberg group, denoted by Hn, is the simplest example of two-step nilpotent Lie 
group. There are many works devoted to the theory of harmonic analysis on this group. 
Geller [9] established the theory of Fourier analysis on H„. More results can be found in 
[8], [23], [30], [31] and the references therein. Wavelet analysis on the Euclidean space M" 
has many applications in pure and applied mathematics (see [5]). It is important to extend 
the theory of wavelet analysis to various cases. Several authors developed the theory of 
continuous wavelet transform on the Heisenberg group H„ (see [16], |22)). Recently, some 
further extensions of wavelet analysis were published in |lUj . |18j . The Radon transform 
represents an interesting object from the point of view of both harmonic analysis and inte- 
gral geometry. Also it is a very useful tool to deal with the problems of mathematics and 
engineer. The Radon transform on the Heisenberg group (or Heisenberg Radon transform) 
was studied by Geller-Stein [11] and Strichartz [30]. Related further extension we refer 
the reader to see |7], |25j . Holschneider (jl7j) is the first author who applied the inverse 
wavelet transform to the inverse Radon transform on the two-dimensional plane. Rubin 
|26j extended to the case of /c-dimensional Radon transform on M". Nessibi-Trimeche [23] 
obtained an inversion formula of the Radon transform by using generalized wavelets on the 
Laguerre hypergroup. The further development can be found in |7], |12) — [15j and [27| . 
Heisenberg type groups are generalizations of the Heisenberg group, which are important 
both on geometry and analysis (see |1], [IS], [20j and [5T]). The quaternion Heisenberg 
group is a typical Heisenberg type group other than the Heisenberg group, which has a 
good explain in geometry (see [1], [3]). Tie-Wong [32] studied the heat kernel and Green 
functions associated with the Sub-Laplacians. Moreover, Zhu [33] investigated the prop- 
erty of the Riesz transforms on this group. In this article we study the wavelet transform 
and the Radon transform on the quaternion Heisenberg group ^. 

This article is organized as follows. In the remainder of this section we shall recall some 
basic facts of quaternion numbers, and state the background of the quaternion Heisneberg 
group ^. Also, we describe the automorphism group of JS and its regular representa- 
tion. In Section 2 we give the direct sum decomposition for L^(cS) in terms of the group 
Fourier transform, in which every subspace is irreducible for the representation of the 
automorphism group of =S. The theory of continuous wavelet transform via square inte- 
gral group representation (see jSj) is developed in Section 3. we also construct a class of 
radial wavelets. The inverse wavelet transform can be simplified by using radial wavelets. 
Section 4 is devoted to the Radon transform. We introduce a Semyanistri-Lizorkin type 
space, on which the Radon transform is a bijection. Then we give the inverse Radon 
transform. We give the results in two different ways. One way is in terms of the Euclidean 
Fourier transform and another the group Fourier transform. We also prove that these two 
treatments are essentially equivalent. Finally, in Section 5 we make use of inverse wavelet 
transform to derive an inversion formula of the Radon transform in L^-sense, which does 
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not require the smoothness of functions if the wavelet is smooth. 

Let Q denote the set of all quaternion numbers, i,j,k are the three imaginary units 
satisfying: = = k'^ = ijk = — 1. For any q £ Q, we can write q = qo + qii + q2j + Qsk- 
For convenience, we also set q = {qo,qi,q2,Q3) where qo,qi,q2,Q3 G Let 5Rg and Qq 
denote the real part and imaginary part of q respectively. Then ^q = qo, Qq = qii + q2j + 
q^k = {qi,q2,Q3) = 1^ ■ In contrast to complex numbers, 9g is not a real number. The 
multiplication of two quaternion numbers q, h is given by 

'R{qh) = qoho - q^ ■ , Q{qh) = q^h^ + /iq/ + q^ x . 

q = qo — qii — q23 — qsk denotes the conjugate of q. The scalar product is given by 
{q,h) = ^{qh). The norm is |gp = {q,q) = J2'i=o1l- Then we have qh = hq,\qh\ = 
\q\\h\,q^^ = j^. We also note the following facts. The reals are only quaternions which 
commute with all quaternions, and = — 1 if and only if \q\ = 1 and q = Qq. We will 
identify Q with and with if 

necessary. 

Similar to the Heisenberg group, the quaternion Heisenberg group is the boundary of 
the Siegel upper-half space in the quaternion content ( see [3^). Let B be the unit ball in 
which is given by 

B={{hi,h2) : |/ii|2 + |/i2p < 1}. 
Then B is biholomorphic to the Siegel upper-half plane in given by 

K = {iqi,q2)eQ^:Rq2 > kil'} • 
The Cayley transform is given by 

hiil + h2) 

(l-/l2)(l+7^2) 
|l + /i2p ■ 

Let r = r{qi,q2) = ^q2 — IftP be the height function. Setting 

x = qi,t = Qq2,r = r{qi,q2) = Kg2 - kiP- 

If we adopt the Heisenberg coordinate {x,t,r), then the Siegel upper-half plane is denoted 
by 

U = {(x, t, r) : X E Q, t G 9Q, r > 0} . 
The boundary of U can be identified with the quaternion Heisenberg group denoted by 

^ = {{x,t) :xeQ,te QQ}. 

The group multiplication is given by 

{x,t){x',t') = {x + x',t + t' -2Q(^x)). 



h 



q2 



l + h2 

l-h2 
l + h2 
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Thus we see that <^ = R'* x R^. The Haar measure on £2 coincides with the Lebesgue 
measure on R^ x R'^ which is denoted by dxdt. 

Let u & u = a + hi + cj + dk = {a + hi) + {c + di)j. This imphes the identification of 
Q with C^. At the same time every quaternion u corresponds to a complex duplex matrix, 
i.e., 

/ a + hi c + di \ 



{a + hi) + (c + di)j 



-c + di a — hi 



In [2j, SpiX) = {w G Q : |n| = 1} is called the quaternion group, or group of unit 
quaternions. It is known that Sp{l) = SU{2) and is the two-fold covering group of 5'0(3). 



The automorphism of Heisenberg type groups was given by Kaplan and Ricci [20]. We 
define the translation and dilation operators respectively by 

T^^^t) ■ ix',t') ^ {x + x',t + t' -2Q(x'x)), {x,t),{x',t') £ B 

and 

Tp : (x',t') ^ {^px'.pt'), {x\t') G > 0. 

Let 

Au,v{q)=uqv, u,v £ Sp{l),q £(Q 

and 

Bv{r) = vrv, v G Sp{l),r G SjQ. 

The maps Au^v act transitively on the unit sphere of and By act transitively on the 
unit sphere of 9Q. We define the operator T^^v on by 

Tu,v ■■ {x',t') ^ {ux'v,vt'v), {x',t') £ =2. 

We are now in a position to give the affine automorporphism group of =S. Let 

P = {{x, t, p, u, v) : (x, t) £ ^,p > 0,u,v e Sp{l)} . 

The action of P on ^ is given by 

(x, t, p, u, v){x' ,t') = (x + ^ux'v^ t + pvilv — 2^Q{vx'ux)) . 

That is {x,t, p,u,v) = Ti^^^^-^TpTu^y. It is known that P is two-fold covering of the affine 
automorporphism group of =S. The group law of P is given by 

{Xl,tl, pi,Ui,Vl){x2,t2, P2:U2,V2) 

= (Xl + y/p-^UiX2Vl,ti + piVlt2Vl - 2y/p{^{viX^uTXl), piP2,UiU2,ViV2). 

We will consider P instead of the affine automorporphism group of It is easy to 
verify that P is a locally compact non-unimodular group with the left Haar measure 
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T / , \ dxdtdpdudv j j-i, ■ 1,4. tt j / j. \ dxdtdpdudv 

amiix,!, p,u,v) = ^ and the rignt Haar measure dmr[x,t, p,u,v) = j 

respectively, where du and dv are the normahzed Haar measures of group Sp{l). 

Let us consider the unitary representation U of P on L?'{£2) defined by 

f/(x,t,p,n,.)/(x',t') = p-^l-f . 

The representation U is reducible on L'^[£2). We shall decompose the space L'^{JS) into 
the direct sum of the irreducible invariant closed subspaces. 

2 Direct sum decomposition for L?'{^) 

First we state some results of the Fourier analysis on The Fourier transform on 
Heisenberg type groups was studied by Kaplan and Ricci [20]. Let 7^ a E Set 
a = j^. The mapping p{a) : q — > qd gives a complex structure of Q. Let be the Fock 
space consisting of all holomorphic functions F on {Q, p{d)) = such that 

\\Ff = [ |F(g)|2e-2MkPdg < 00. 
Jq 

We now define the unitary representation -Ka^Xjt) of JS on J^a by 

Up to a unitary equivalent, all irreducible infinite-dimensional unitary representations of 
^ are given by 7Ta{x,t). For / G L^(cS), the Fourier transform of / is an operator valued 
function defined by 

/(a) = / f{x,t)TTa{x,t)dxdt. 
Let f,g£ L^{£2) n Lp'{J2). By the standard theory of the Weyl transform, we have 

{f,9)L2{S) = ^^^tr(5(a)*7(a))|a|2(ia. 

Specially, the following Plancherel formula holds. 

\\f\\U^) = ^ l^jm\\ls\a\'da. (2.1) 

The Fourier transform can be extended to the tempered distributions on ^ by duality. 
And we also have the formula of inverse Fourier transform 

fix:t) = J-^l tr(7f*(x,t)/(a))|apda. 



5 



Let f * g denote the convolution of / and g, i.e., 

f*g{x,t)= / f{y,s)g{{y,s)~'^{x,t))dyds. 

Then 

T^g{a) = f{a)g{a). (2.2) 
If fix, t) = = f{-x,-t), then 

/(a) = /(ar, (2.3) 

where /(a)* is the adjoint of /(a). We now choose an orthonormal basis {60,61,62,63} of 
Q satisfying cq = 1,6i = a, 62a = 63. Write q = {zi,Z2) for zi = xi + yii,Z2 = X2 + y2« 
and q = xiCq + yiei + X262 + 2/263- Then 

{E^iq) = 7r-i(ai!a2!)-^/'(2|a|)^+izi"^Z2"' ■ « = («i>«2) G N^} 

is an orthonormal basis of J>^a- Thus we have the identification between Fock spaces Jifa 
and Jifa' by identifying with E^ . For p > 0, write 

/,(x,t)=p-V(^,-), 

then we have 

/p(a) = /(pa), 

where wc have identified F{q) G J^a with qF{^q) G J^a- Suppose that u,v E Sp{l) and 
fu,v{x,t) = f{uxv,vtv), we can verify that 

fu,v{a)F{q) = I /(wOT,i;to)e^<'^'*>-l«l(l^l'+2<«'=^)-2'<«",x»^(^^^)^^^^ 

/(x, t)e^<^"^'*>-l^«^l(l^l'+2(^9^,^>-2j((«H{^''),^»i?^(^^(^g„ + x)v)dxdt. 
Thus, 

where the intertwining operator 7^^^ is given by 

lu,vF{q) = F{uqv). 

Let / = ai + 02 and M'a,l be the subspace of which consists of all homogeneous 
polynomials of degree Hn g G C^. Then J^,; is an irreducible invariant closed subspace 
under ^u,v where we have identified F^q) G with F{qv) G J%av Moreover, we have 

+00 

1=0 
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Let Pa^i denote the orthogonal projection operator from to M'a,i- The projection 
operator Pi is defined in terms of the Fourier transform by 

PTfia) = f{a)Pa,i. 

Clearly, Pi's are mutual orthogonal projection operators on L?'{£2). If f{x,t) is a radial 
function with respect to the variable x, i.e., f{ux,t) = f{x,t) for all u £ Sp{l), then we 
have 7M,i/(a) = / (0)7^,1. By Schur's lemma, 

00 

f{a) = ^Bf{a,l)P,j, (2.4) 
1=0 

where Bf{a, I) is a constant depending on /, a and /. Define the subspace Hi of L'^{J2) by 

Hi = {fe L\£S) : /(a) = f{a)Pa,i} 

which is the range of projection operator P/. For a function / G L?'{£2), it is easy to verify 
that 

{U{x,t,p,u,v)fy{a) = p^/\a{x,t)fZ{pa). (2.5) 

By a similar argument as in [16j, we obtain the direct sum decomposition for L^{J2) as 
follows. 

Theorem 1. Hi is an irreducible invariant closed subspace of Lp'{£2) under the unitary 
representation U o/P, and we have 

00 

L\^) = ^Hi. 
1=0 



Remark 1. In fact, Hi can be characterized by the subLaplacian operator (see 
fS^). i.e., f £ Hi if and only if 

A^f{a) = -8{l + l)\a\f{a), 

where A_q = Xq + Xf + X| + X| is the square sum of horizontal vector fields, Xq, Xi,X2 
and X3 are left invariant vector fields given by 

d d d d 

^0 = ^ 2x1— - 2x2^ - 2x3 — 

0x0 oil Ot2 Ots 

d d d d 

^1 = 1^ + 2^07^ - 2X37^ + 2X27^ 
0X1 Oti Ot2 Ots 

d d d d 

^2 = 77- + 2^377- + 2X07- " 2xi — 
CX2 Ot\ 012 013 

d d d d 

^3 = 77- - 2X277- + 2X177- + 2X077-. 
CX3 Oil C)t2 Ot^ 
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3 Continuous wavelet transforms 



We are going to show that the restriction of U on Hi is square-integrable. In other words, 
there exists a non-zero function cf) e Hi, such that 

^'I'^JTa^ / \{(p,U{x,t, p,u,v)(p) L2(^^)\'^dmi{x,t, p,u,v) < oo. (3.1) 

II'PIIl2(^) Jp 

We call (3.1) the admissibility condition, and write cf) G AWi. 

Theorem 2. Let 4> G Hi, not identically zero. Then (f) G AWi if and only if 

C<t> = ^[ ||^(a)||l,5T^<oo. (3.2) 
di Jqq 

where di = dimJifa,i = / + 1. (3.2) is called the Calderon reproducing condition. 
Proof. Suppose ^ G if;, by (2.5), we have 

/ {(f),U{x,t,p,u,v)(f))L2(^^)TTaix,t)dxdt = p^/'^^{a)(t)u,v{pa)* . 

Using the Plancherel formula (2.1) we can derive 

I U{x, t, p, u, v)(j))L2 (^) \'^dmi{x, t, p, u, v) 



If f f^°° ( [ ii-r. s-r~- , Mi2 I i2 , A dpdudv 

\\(t){a)(f)u,v{pa)\\Hsm da 



27r5 



5p(l) JSp{l) Jo 

= TT^ / / / ( / *^ f^(a)>(a)^u,i;(pa)>u,i;(pa)) \a\'^da 
Jsp{\) Jsp{i) Jo \Jqq ^ ^ 



dpdudv 



Because 



tr (^^{a)*^{a)(t)u,v{pa)*(f)u,v{paj^ 

\a\=l 

we therefore obtain 

^ |(^, [/ (x, t, p, u, v)4))l2 (^) \^dmi (x, t, p, u, v) 

= ' / Y\if (j)u,v{p(^y^n,v{p(^)dudv\ E^, 

^TT 7o Jm\'Z^i\\JSp{l)xSp{l) J 



(j){a)*(j){a)E^) \a\^dvda 



^d_p_ 



By (2.2) together with (2.3), we derive 

/ 4>u,v{.paY 4>u,v{pa)<i'Udv = / I '^u,v * (t>u,v I {pa)dudv = ip{pa), 

JSp(l)xSp(l) JSp(l)xSp(l) \ J 
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where 

il){x,t) = (^u,v*(t>u,v) ix,t)dudv 

JSp{l)xSp{l) ^ ' 

= / i(l)*(/)j{uxv,vtv)dudv 
Jsp{l)xSp{l) ^ ' 

= / 'dy{x,t)dv 
Jsp{i) 

'&{x,t) = (j)* (j){ux,t)du and '&y{x,t) = '&{xv,vtv). 

Jsv(l) 



'Sp(l) 

Obviously, is a radial function with respect to the variable x. Hence by (2.4) we get 
'd{pa) = B^{pa)Pi. The Fourier transform of i/j is given by 



ISp{l) 

Consequently, we have 

|2 



i){pa) = I B^{pvav)Pidv. 
JSp(l) 



^ \{(p,U{x,t,p,u,v)(p)L2(^^)\ dmi{x,t,p,u,v) 

^TT Jo I JcjQ JSp{l) ^ ^ ^ ' 

= — =■ / f I B^[pvav)iT ((f){a)* (f){a) \ \a'^da 

27r^ 7o 7oQ Jsp{i) ^ ^ P 



/5p(l) 
2 

L2(j2) 



da 



Because 



f ^ y ^ di 



S^(a) = ^tri?(a) 
di 



= — tr I / (p * (p{ux,t)du)^{a) 



'Sp{l) 
= ^tr(^(a)>(a)) 

Theorem 2 is proved. □ 
Let (p £ ^W^i 1 f ^ Hi. The continuous wavelet transform VF^ on Hi is defined by 

W^f{x,t,p,U,v) = {f,U{x,t,p,U,v)(t))L2(^^y 
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For (ffjip & -AWi, we set 



1 r+o^ - - da 



and call it the inner product in AWi. 

Theorem 3. Let (f> G AWi,tl; e AWi> , f e Hi,g e Hi>. Then 

Specially, 

\\W^f\\L^^V4m,)=C]l^\\f\\L^(m 

and 

(Wv,/,W^5)L2(P,dmO =0 

when I . 

Proof. Let ^ G AWu f e Hi. Then 

{f,U{x,t,p, u,v)(p)L2,^)Tra{x,t)dxdt = p^/^f{a)(t)u,v{pay. 

By the Plancherel formula we can get 

L'^(P,dmi) 



= J W^f{x,t,p,u,v)W^g{x,t,p,u,v)dmi{x,t,p,u,v) 
= ^ / / / ( [ tr(5(a)*/(a)V'«,^(pa)*0„,^(pa))|a|^cia 

= * / ^ ( i f ipu,v{p(^)*4>u,v{pa)dudv] E^, 



?(a)*?(a)*/(a)^S ) \a\'da 



Suppose ip,(t) e AWi,f,g G i?;. Then 

/ i)u,v{P0')*4>u,v{pa)dudv = ^ti {^j (pa)* ${pa)) Pi. 

JSv(i)xSp(i) 



ISp{i)xSp(i) 

Hence we get 



I L'2{P,dmi) 



LJ trma'ma'))^) (^/ .re(a)-/(«))l«l^^ 



{(l),1p)AWi{f, 5)l2(^)- 
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If V e AWi, (t> e AWrJ eHi,ge Hi,, I + I', then 

/ i)u,v{paT^u,v{pa)dudv = 0. 

JSp{l)xSp{\) 

Theorem 3 is proved. □ 

Theorem 2 and Theorem 3 restrict wavelets to subspaces if;. The restriction is remov- 
able. Suppose G L'^{J2). By Theorem 1, 



oo 



1=0 

where <pi e Hi. If there exists a constant Cs, which is independent of I, such that 



< GO for all / G N, 



we say that (p is an admissible wavelet and write (p G AW. Then we define the continuous 
wavelet transform of / G by 

W^f{x, t, p, U, V) = (/, U {X, t, p, U, v)(p)L2(^^y 

Theorem 4. Suppose (p G AW . Then 

\mf\\L^^p,dm) = cf\\f\\LH^)- (3-3) 

Proof. By Theorem 1, 

oo 

where fi e Hi. By Theorem 3, 



1=0 

oo 

1=0 

c</'II/IIl2(^)- 



This proves Theorem 4. □ 



The fundamental manifold of the quaternion Heisenberg group J2 is just M x M . The 
Schwartz space y{J2) coincides with the Schwartz space on x M^. As a consequence 
of Theorem 4, the inverse wavelet transform is valid. We state the result as follows. 
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Theorem 5. Suppose (f) G AW and f E L'^ 



(=2). Then 



f{x, t) = C^^ W^f{y, s, p, u, v))U {y, s, p, u, v)(p{x, t)dmi {y, s, p, u, v) 



p 



in LP' -sense. Purthermore, if f ^ then the above formula holds pointwise. 

The proof of Theorem 5 is standard. 

Now we construct a class of admissible wavelets. These admissible wavelets are radial. 
The inverse wavelet transform can be simplified by using radial wavelets. 

Let r/ be a function on M_|_ satisfying 




and the function (f)^ is defined by 



oo 



1=0 



Then cpr, € 



because, by the Plancherel formula, 




1 

2^ 



I (f;h(G + l)|a|)|'(/ + l)] 
J^Q V«=o J 




Furthermore, if r/ satisfies the Calderon reproducing condition 




(3.4) 



then (1)^1 is an admissible wavelet. In fact, write 



oo 




1=0 



where (f)^^i E Hi, it is clear that 



cj)r,,i{a) = r]{{l + l)\a\)Pa,i. 
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Then, for all I E N, 



Note that the admissible wavelet (p^j defined above is a radial function, i.e., {(j)n)u,v = <Prj- 
The wavelet transform W^^f is independent of u and t>, i.e., 

Thus the integration over u and v can be reduced if we use the admissible wavelet (prj- 
Wi\teW^^f{x,t, p) and U{x,t, p) instead of t, /?, 1, 1) and U{x,t, p, 1,1). Then we 

have 

Theorem 6. Suppose the admissible wavelet (prj is defined as above, and f € Lp'{J2). 
Then 

[ mj{x,t,p)\'^^ = ci/^fh.^^), 

and 

f{x,t) = C-' [ W^J{y,s,p))U{y,s,p)4>r,{x,t)^^^ (3.5) 
in Lp'-sense. Furthermore, if f £ ^(=S), then (3.5) holds pointwise. 

4 The Radon transform 



= Cn < CO. 



Similar to the Radon transform on the Heisenberg group H„ defined by Strichartz [31j . 
we define the Radon transform ^ on =S by 

M{f){x,t) = [ fi{x,t){y,0))dy 

= f f{y,t-2%yx))dy. 
Jq 

Even if / G =5^(=S), the Radon transform ^(/) may not be rapidly deceasing at infinity. 
This fact were pointed by Strichartz [31j in the case of H„. We will find a subspace of 
Schwartz space ,y(^), on which the Radon transform is a bijection. 

Let ^2 denote the Euclidean Fourier transform with respect to the central variable t 
alone and ^ denote the full Euclidean Fourier transform, i.e., 

^2if)ix,a) = [ fix,t)e"^'^^^dt, 
^(/)(y,a) = / f{x,t)e'^-'y^e'^''-^dxdt. 
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Because 



^2(W))(^,«) =/ ( [ f{y,t-2Q{yx))dy]e'^''''Ut 

) 



we have 

^2W)){x, a) = ^{f){-2xa, a). (4.1) 
Let = t{Hf^tl^ where s = (si, S2, S3) G N^. We define the space ^*(^) by 

= \f{x,t) e : [ fix,t)t'dt = for sdl X eQ,s £N^\. 

Write dff{x,0) = q^^t^q^ f (x , t)\t=o and define the space by 

= {/ G ^(^) : dtf{x,0) = for ah x G Q, s E N^}. 

By same argument as Proposition 5.1 in ^27j, / G oS^*(=S) if and only if J^{f) G o5^*(<S) 
and ^2 is an isomorphism from =5^*(,S) onto J^*(=S). The space =5^*(^) and ^*(,^) are 
regarded as Semyanistyi-Lizonkin type spaces. This kind of spaces has many apphcations 
(see [28], [29]). 



We introduce a "mixing" map ^ which given by 

^{f){x,t) = f{-2xt,t). 

Let / G o5^*(=S). Similar to the inequality (5.5) in [27], for every p, (/ G N, there is a 
constant Cp^q such that 

|/(x,t)| <Cp,,|ff(l + |x|2)-'?. 

It follows that ^ is a bijection on o5^*(cS). The inverse of ^ is given by 



0, for i = 



*"'(/)(x,t) = 
Now (4.1) reads as 

^2(W))(^,«) = ^(W))(^,«)- 

Thus the Radon transform ^ = ^2^^"^ is a bijection on ^^{JS), and we have an inversion 
formula of the Radon transform as follows. 

Theorem 7. Let f G Then 
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We can give another inversion formula of Si by using of the Fourier transform on 
First, we have 

W)(a)S»)(g) 

Jb \Jq J 

JqxQ 

Using the identity 

and note that E'^ is a holomorphic monomial with respect to the complex structure p(a), 
we obtain 

Then 

Thus we get 



W)(«) = (A)7(«)5, (4.2) 



a 



where S = X](-iyn,,. 



z=o 

1 ^ 9^ 

Let ^ = t:; -7-^ ■ Essentially, is the Laplacion with respect to the central 

vr^ otf 

1=1 ' 

variable t. It is easy to see that 

^){a)={^yf{a). (4.3) 

Let / G For any m G N, ^""(Z) G By (4.3) and the Plancherel formula 

(2.1), 

< 00 for all A; € N. 



/ \\f{a)\\Ua\'+'da 
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Now we define the space ^^(.^) by 

^^(^) = (/ G ^(^) : / \\f{a)\\HsW\'^~''da < +00 for all k G N j. 

It is easy to see that the Radon transform ^ is a bijection on ^^{J2). Moreover, by (4.2) 
and (4.3), we have 

Theorem 8. Let / G ^i^(^). Then 

II/II2 =||^^(/)||2, 

^-i(/) =jSf^jSf(/). 
Remark 1. We note that ^ is a positive operator. For fx eM, JSf* can be defined by 

We also have, for f G 



The next theorem means that our two treatments about the Radon transform are 
essentially equivalent. 

Theorem 9. 



Proof. Note that /(a) is just the Weyl transform of /" = ^2f{-,o). By the standard 
theory of the Weyl transform. 



2 

vr 

If / G ^^(^), then for all G N, 



^) ll/(a)lll.5 = lirili- 



lim \a\-^ [ \^2fix,a)fdx = 0. 

\a\^0 Jo 



It follows that 



/ \^2f{x,0)\'^dx= lim / \^2f{x,a)\'^dx = 0. 
Furthermore, we have 

/ \da,^2f{x,0)\''dx= lim [ \^2f{x, iai,0,0))\^dx = 0. 
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Inductively, we obtain, for all s G N^, 



/ |5^^2/(X,0)| 

Jo 



^dx = 0. 



This means ^2/ G and equivalently / G ^*(^). 

On the other hand, suppose / G ^*(<^), i.e., ^2/ G Then 

lim / \^2f{x,a)fdx= f \^2f{x,0)\'^dx = 0. 




where < ^ < 1. Inductively, for all G N, 



\a\^0 Jq 



lim |a|-*^ / \^2fix,a)fdx = 0. 



Therefore, / G Theorem 9 is proved. 



□ 



5 Inverse Radon transform by using wavelets 

The inversion formulas of the Radon transform in above section require the smoothness 
of functions. In this section we establish an inversion formula of the Radon transform 
in L^-sense by using the inverse wavelet transform. The formula does not require the 
smoothness of functions. Instead, we will use smooth wavelets. 

Suppose (j) G Then, by (4.2) and (4.3), ^^^{^) is well defined and 




Write 4>^ 



'p,u,v — 



i4'p)u,v Then 



This equality is easy to prove by making use of the Fourier transform. 



Suppose (p G AW. It is clear that 



•p,u,v 



(5.1) 



Thus we can extend the wavelet transform W^fyf provided (5.1) is valid. 
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Let 

Lf(^) =|/gL2(^): J^Jfia)fHs\a\-'da<ooY 

Lli^) = |/ G L\^) : ||/(a)||2,5|a|6c/a < ooj. 

It is obvious that the Radon transform ^ is an isomorphism from onto 
Suppose G n and / G Then is well defined and 

By Theorem 5, we obtain 

Theorem 10. Suppose cp G y{^)f]AW. If f e Lj{^), then 

... , „_| /" \Tr/ \ ,/ -.dydsdpdudv ,_ 
f{x,t) = C^ J^W^^^(^^)^[f){y,s,p,u,v)U[y,s,p,u,v)4>{x,t) -g (5.2) 

inL?-sense. Furthermore, if f G P) i/ten (5.2) holds pointwise. Equivalently, 

iffeL^i^), then 

^~^{f)ix,t) = [ Wj^si^(^^)f{y, s, p, u, v)U {y, s, p, u, v)4>{x, t) ^y^^^Pf''^^^ (5,3) 
Jp P 

in Lp'-sense. Furthermore, if f ^ ^(=S), then (5.3) holds pointwise. 

If the radial wavelet is defined as in Section 3, then ^M^i^cf)) is also a radial 
function. By Theorem 6, we have 

Theorem 11. Suppose r] G ,5^(M+) satisfies (3.4) and is defined as in Section 3. 
IffeLjiJS), then 

fix,t) = C-' [ W^^^^^^)^if){y,s,p)U{y,s,p)Ux,t)^^^^ (5.4) 

in Lp'-sense. Furthermore, iff G ^(=S) P| L^(=S), then{bA) holds pointwise. Equivalently, 
if f e Ll{^), then 

^-\f){x,t) = C-' [ W^^^^^^)f{y,s,p)U{y,s,p)ct^,ix,t)^^^^ (5.5) 

J^xR+ P 

in L^-sense. Furthermore, if f & =i^(=S), then (5.5) holds pointwise. 
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